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I. INTRODUCTION 
The theory of interacting many-boson systems is of fundamental 
interest, not only from a quantum statistical point of view but also 
because no single theory has been advanced that is capable of describing 
the curious properties of He II. These properties are thought to be prin­
cipally determined by the statistical nature of the substance. For 
3 instance, the low temperature behavior of He is drastically different 
from that of He , even though the only significant difference between the 
two isotopes, other than their mass difference, is that He obeys Fermi-
4 
Dirac statistics whereas He obeys Bose-Einstein statistics. It seems 
evident that at low temperatures, where the quantum features of the system 
are not masked out by thermal effects, statistics are of vital importance 
to a con^ lete understanding of the problem. 
For a weakly-interacting system, it is often possible to develop a 
basis of understanding in terms of a collection of free particles where 
the interaction is considered to have a small effect. However, for weakly-
coupled bosons, the low-lying momentum states are highly populated and, in 
the limit of vanishing interaction, all particles condense to the zero-
momentum state. Therefore, the kinetic energy may become small compared 
to the potential energy in which case the characteristics of the system 
depart sharply from those of a free particle model. In fact,' even in the 
extreme weak-coupling limit, important differences occur which make it 
very difficult to understand the problem in terms of a non-interacting 
gas. Such difficulties do not generally occur for a many-fermion system 
since the kinetic energy is not zero, even in the limit of vanishing 
interactions because of the exclusion principle. Therefore, in the weak-
2a 
coupling limit, the interaction may be completely dominated by the kinetic 
energy, in which case the properties of the system are very similar to 
those of a free fermion gas. 
Because He II is the only known boson fluid at absolute zero, it is 
natural to compare its properties with those of any proposed theory. It 
has been found that the properties of He II are remarkably different from 
what would be expected on the basis of a free boson gas model. For in­
stance, Henshaw and Woods (l) have found that the excitation spectrum is 
a linear function of momentum at low momenta as compared to a quadratic 
low momentum dependence for a free gas. Therefore, as a result, the tem­
perature dependence of the specific heat is also quite different at low 
temperatures. Even less understandable are the superfluid properties of 
He II which cannot be predicted on the basis of a free particle model. 
Many attempts have been made to explain these peculiar properties from a 
firm theoretical basis, but without success. 
The present work consists of two parts. First, an attempt is made 
to unify in an understandable way, several different theories that have 
been partially successful in describing the properties of many-boson sys­
tems and, secondly, to develop a more general theory, capable of handling 
problems that are outside the range of validity for the weak-coupling 
approximations of Bogolxubov (2), and others. 
In this paper, four separate but related theories are presented, each 
of which views the many-boson problem in a somewhat different way. An 
underlying assumption in each derivation is that the momentum distribution 
of particles is sufficiently localized to permit the use of certain 
simplifying approximations. In Part 1 of Chapter III, the equation of 
2b, 
motion for an operator related to the density fluctuation is evaluated in 
an approximate way, from which certain generalizations of previous theories 
are accomplished. In Part 2 of Chapter III, the equation of motion for a 
plane-wave operator is linearized and the associated quasi-particle exci­
tation operator is then constructed, from which the properties of the sys­
tem are deduced. In this development, the operator products a^ a"''^  as well 
as number operators are replaced by their ground state expectation values 
in the interaction part of the equation of motion. In Part 3 of the same 
chapter, an excitation operator is generated for which the approximated 
equation of motion yields substantially the same results as derived in 
Part 2 but which does not require that the particle non-conserving pro-
ducts, such as a^ a_^ , be replaced by their average values. The theory, 
therefore, conserves particle number, but this advantage is gained at the 
expense of the formal simplicity which is present in the procedure of 
Part 2. In Section B of Chapter III, a straightforward extension of 
Bogoliubov's (2) method is developed and again, the results agree with 
those of Part 2 and Part 3. 
3 
II. REVIEW OF EXISTING THEORIES 
Among the important contributions to many-boson theory are those of 
Bogoliubov (2), Brueckner and Sawada (3), and Lee, Huang, and Yang (4), 
who have based their calculations on the assumption that a great majority 
of the particles are in the single-particle zero-momentum state. Because 
the interaction tends to deplete this state by exciting particles to states 
of higher momenta, these theories can be considered valid only in the ex­
treme weak-coupling limit. Nevertheless, such derivations yield important 
information about the general properties of many-boson systems and, for 
He II, the qualitative agreement with experiment is quite good considering 
that, for this case, the weak-coupling theories are not even self-
consistent. 
Consider a collection of bosons undergoing two-body interactions 
which are describable by a static scalar potential. The Hamiltonian for 
the system is 
H =  ^  ^4 2 (1) 
+ 
where a^  and a^  are plane-wave creation and annihilation operators, V(k) 
is the Fourier transform of the two-body interaction potential, and T^  is 
the kinetic energy. 
The system occupies unit volume and h. has been set equal to unity for con­
venience. The operators a^  and a^ , acting on the wave function for a sys­
tem with a precise number of particles in each single-particle momentum 
state, give 
4 
aJWo»—> = > (3) 
a^lWo.—> = > (4) 
where is the number of particles in the zero-momentum state and, in 
Eq,s. 3 and 4, all other occupation numbers are undisturbed. 
In the Bogoliubov (2) approximation it is recognized that if N^ »l 
and if the fluctuation of particle number in the correct zero-momentum 
state of the interacting system is small compared to its average occupation 
value, then two things may be done; 
(a) Replace (N^ +l)^  by 
(b) Assume that the physical properties of the system are not sig­
nificantly altered by adding or removing a particle from the 
zero-momentum state. 
Under these circumstances, a^  and a^  will commute with each other and, 
since they already commute with a^ , a^  for k ^  0, they may simply be re­
placed by their c-number expectation values in the correct ground state. 
The Bogoliubov (2) approximation proceeds by considering only those terms 
in the interaction part of Eg. 1 that contain at least two operators of 
zero-momentum. 
For NQ approximately equal to the total number of particles N, the 
resulting Hamiltonian is 
This equation can be diagonalized by the following transformation: 
/ 
k^ " + v(k)a_^  (6) 
5 
(7) 
where u(k) and v(k) are real, c-nunber coefficients that depend only on 
the absolute magnitude of their arguments. If these coefficients obey the 
added condition 
u^{k) - v^(k) = 1 (8) 
"J" 
then the operators b^ and b^ satisfy the usual boson commutation"laws. 
The diagonalized form of Eq. 5 is 
H = + S u)(k)b^b^ (9) 
where 
uf(k) = 2;^ rw(k) + W(k)] 
v^(k) = + W(k) - u)(k)] 
•1 
2 E. '= + I 2 [u)(k) - \ - W(k)] k^ O 
2 i 
u)(k) = [T,+ 2T,NV(k)]2. 
(10) 
(11) 
(12) 
(13) 
In Eq. 9, E^ may be interpreted as the ground state energy and (u(k) is the 
excitation energy for quasi-particles generated from the ground state by 
the excitation operator b^. 
The inverse of the transformation identified by Eqs. 6 and 7 is 
/..A.N \\ /^ + 
-^k / 
u(k) -v(k) 
-v(k) u(k) 
The expectation value of the number operator is found by using Eq,. l4 
along with the condition that the ground state |0 be a vacuum state for 
(14) 
6 
the generation of quasi-particles, that is 
b%jO> = 0. (15) 
The result for the number operator is 
From Eqs. 10, 11, l4, and 15 it can be shown that the products <o[ 
a^ a^ j^ |0> and <01 a^ a__j^  [ 0> have large expectation values at low momenta as 
do the number operators. Girardeau and Arnowitt (5) and Wentzel (6) have 
tried to in^ jrove the Bogoliubov (2) approximation by retaining in the 
Hamiltonian not only terms linear in these products but also the quadratic 
terms. The resulting truncated Ifemiltonian is then solved in an approxi­
mate way, with limited success. A related calculation that uses the vari­
ation principle to evaluate the products and <o|a^ a'*'^ |o>, and which 
emphasizes the connection with techniques used in the theory of supercon­
ductivity, has been performed by Valatin and Butler (j). 
For liquid He II, Feynman (8) has calculated, in a very general way, 
the wave functions for the low-lying excited states. It is argued that 
the excited states should be of the form E f(x.)|o>, which depends on the 
Xi 
position of every particle and where jo> is the ground state wave function. 
By a variational calculation it is found that E f(x. ) = S which is 
i^ i^ 
the configuration space representation of the density. In second quantized 
notation the density operator is given by p, , 
(17) 
Therefore, the Feynman excited state may be represented as 
|k>p = pj0>. (18) 
The excitation energy is then calculated from these state functions in 
terms of the liquid stincture factor S(k). The result is 
(19) 
Using experimentally known values for S(k), the excitation energy, as cal­
culated from Eq. 19, is in good agreement with experiment at low momenta 
) 
but, for momenta beyond the linear (phonon) part of the spectrum, the 
agreement is only qualitative at best. 
To improve the calculation, Feynman and Cohen (9) proposed a more 
general wave function, generated from the ground state by the excitation 
jL 
operator S h(x )e, 
i^ 
i.e. 
2 h(x^ )e^ "^ i[0> = (k>pg (20) 
i^ 
where h(x^ ) is a function whose purpose is to localize the excitation by 
forming a wave-packet. The theoretical arguments for the inclusion of 
h(x^ ) are based on the particle backflow produced when a " quasi-particle" 
excitation moves through the medium. By a variational calculation Feynman 
and Cohen (9) obtain the excitation spectrum for He II in fairly good 
agreement with experiment at all momenta. However, a simple closed form 
relation between w(k) and S(k) no longer exists, and the associated theo­
retical interpretations become less apparent. 
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III. THEORETICAL DEVELOPMENT 
For a many particle system of bosons or fermions the possibility 
exists that the Bamiltonian may be ej^ ressed in terms of creation and 
annihilation operators for nearly independent quasi-particles whose action 
manifests the behavior of the system. If a transformation can be made to 
a system of weakly-interacting quasi-particles whose interaction is ame­
nable to perturbation theory, then the problem is soluble in terms of 
standard techniques. The major difficulty is to uncover these composite 
or quasi-particle representations. It is here that the physics of the 
situation is vital. In this chapter, approximate procedures for deter­
mining these representations in a many-boson system are developed. 
A. Equation of Motion Method 
+ Suppose that there exists an operator b^  for which 
CH,bp|0> = w(p)b+|0> (21) 
where H is the Hamiltonian for the system and |o> is the ground state wave 
function. It is very easy to show that |p> = b*|o> is an excited eigen-
P 
state of the system with an excitation energy co(p). The momentum of the 
state is a constant of motion characterized by the subscript p. For an 
independent particle system, Eq. 21 is satisfied by the plane-wave creation 
•f- -J- , -J. 
operator a^ , and a^  is a good approximation to b^  for a sufficiently 
weakly-coupled system. In general, however, such an approximation is not 
adequate because of the interparticle interaction. For instance, the 
commutator of a with the Hamiltonian is 
P 
[H,ap = yn (22) 
Clearly, it is the interaction part of Eq. 22 that does not conform to 
Eg. 21. 
One procedure for studying the system is to linearize Eq. 22 by some 
approximate method which is valid in the domain of interest, thereby 
reducing it to the form of Eq,. 21. The random phase approximation (RPA) 
is such a procedure that is valid if the interaction between the guasi-
particle excitations is weak. 
The equation of motion for a^  can be written as"*" 
CH,a^] = [T + 2 V(k)N J a* + Z'T(k)a* ,_a'''.,_a 
P k B-k: ï k,q 1 
+ 2 Jaj (23) 
where is now the expectation value of a^  ^ a^ _^  in the true ground 
state and the prime over the sum indicates that the term q = p-k is to be 
omitted. The ordinary RPA (10) consists of neglecting the last two terms 
•| "I' in Eq. 23, in which case 
[H,a^ ]|0> = [T + 2 V(p-k)Nja;|'|o>. (24) 
P  ^ k  ^P 
Thus, in the RPA, a^  satisfies Eq. 21. If in addition, one replaces W, by p Jt 
•J* 
The interaction term with k = 0 in Eq. 1 only contributes a constant 
energy the H particle system and can be removed by shifting 
the zero of energy. 
"^ n asterisk immediately preceeding an equation number will here­
after indicate that that relation is necessarily satisfied only when 
acting on the ground state of the system, |o>. 
10 
its value in a non-interacting system, the result for u)(p) is 
w(p) = + HV(p). (25) 
At large momenta, Bogoliubov's (2) equation for 10(p) is identical with 
Eq. 25. The implication is that the approximate linearization of the 
equation of motion for a^ , by the ordinary R2A, ie aufficlttnt to reproduce 
the known weak-coupling results at large momenta but not at small momenta. 
This is reasonable for such a simplified treatment of the interaction 
because, at high momenta, it is expected that the interaction term will be 
of diminished importance compared to the kinetic energy. At low momenta, 
however, the interaction may well dominate, rendering this approximate 
calculation invalid. It is apparent that a more sophisticated treatment 
of the equation of motion is necessary if satisfactory results are to be 
obtained. 
The most general linearization of Eq. 22, consistent with the con-
servation of momentum, involves the replacement of products a^ a ^  as well 
as number operators by their average values in the interaction part of the 
equation of motion. The ground state expectation value of these opposite 
momentum pairs <a^ a^ j^ > is understood to mean <0;Nja^ a'^ |^0;N-2> where jO;])J> 
is the real ground state function for an W particle system and |0;W-2> is 
the corresponding state for an II-2 particle system. 
After making these replacements in the equation of motion for a^ , 
the result is 
[H.Sp] = [Ij, + K(p)]a+ + S 
11 
+ s'•MCVpVn - ^ -pVk^ '^ .p 
vhere the double prime over the sum indicates that the terms q = p-k and 
q = -p are to be omitted. The quantity K(p) is the Hartree-Fock exchange 
energy. 
K(p) = SV(p-k)W. (27) 
k _  ^
The last two terms in Eq. 26 are the fluctuation terms for operators that 
have been replaced by their expectation values. By neglecting the remain­
ing non-linear terms, and provided that the fluctuation terms are negligi­
ble, the commutator [H,a^ ] acting on the ground state |o> is, 
[H.ap S [Tp + K(p)]a+ + Z *(28) 
In this case, Eq. 21 is satisfied if the quasi-particle excitation oper­
ator is of the form 
bp = a(p)ap + g(p)a_2 (29) 
where a(p) and p(p) are c-nunaber coefficients. 
It is evident that the equation of motion for a^ , as given by Eq. 28, 
exists only if the Hamiltonian itself is a particle non-conserving oper­
ator, as will be displayed in Part 2 of the present chapter. In order to 
consider the system represented by such a Hamiltonian, the wave function 
jO> can be interpreted as containing a mixture of states with a slight 
spread in particle number, which is small compared to U. In this way it 
is possible to consider the existence of a non-zero amplitude for the 
expectation value of the opposite momentum pairs <a^ a'''^ > in Eqs. 26 and 
28. Furthermore, for a large system, the number operator may still be an 
approximately good quantum number since it approximately commutes with the 
12 
Hamiltonian. Such interpretations are common in the theory of super­
conductivity. It is also possible to argue that, for a large boson system, 
the addition or removal of a few particles, particularly from heavily pop­
ulated momentum states, will not significantly alter the important physi­
cal properties. This argument is completely analogous to the Bogoliubov 
(2) treatment of the zero-momentum state. A complete, detailed, deriva­
tion of the properties associated with such a system will be given in 
part 2 of this chapter. 
Another method that goes beyond the ordinary EPA for the commutator 
[H,a^ ], by considering not only the linearized terms in Eg. 23 but also 
the triple term and the fluctuation S V(k)ra^  .a , -N , la"*", has been 
k p-k p-k p-k-* p' 
developed by Suhl and Werthamer (10,11). The advantage of this method is 
that it provides a systematic way to generate the approximate excitation 
operators for the system. The triple term in Eq. 23 can be included in 
the calculation by constructing a new excitation operator 
(30) 
where g(q,k) is a c-number coefficient to be determined. The fluctuation 
term may also be Included in an equivalent way but, as Suhl and Werthamer 
(10) have shown for the electron gas problem, and as we shall show in 
Appendix A, under certain circumstances the fluctuation term is negligibly 
small and, in anticipation of this result, it will hereafter be neglected. 
The commutator of b^  with the Hamiltonian is 
P 
[2,bp] = [H,a^] + s'g(q,k)CH,a^_^a^_j_^a^]. (31) 
q,k 
The commutator [H,a^ k^q+k^q^' when expanded, contains triple and quintuple 
13 
products of creation and annihilation operators. These products can be 
contracted in a mnner similar to that used in obtaining Eg. 2k. All 
"Î" 
number operators, a^ a^ , are replaced in the commutator by their expectation 
value in the true ground state. lEhe quintuple terms that do not contract 
to singles or triples by this replacement are neglected in the second RPA. 
Such a procedure amounts to applying the EPA to the equation of motion for 
bp as defined by Eq. 30. 
The uncontractable quintuple terms neglected in the second EPA can be 
included by constructing an operator of the form 
bp = a.p + + S ha'*"aVaa (32) 
rH,bp] would then contain a commutator [S^ a'^ a'^ 'a'^ aa] which yields, upon 
evaluation, quintuple and septuple terms. These can be contracted to 
triples and quintuples by the previously mentioned technique. The sep­
tuple terms that do not reduce to triples or quintuples are neglected in 
the next order of approximation. It is clear that one can continue the 
above procedure by generating quasi-particle creation operators of higher 
order than the one given by Eq. 32. In fact, Eq. 32 represents only the 
terms through third order in an infinite sequence of approximations de­
signed to generate a better approximated quasi-particle excitation 
operator. 
Werthamer and Suhl (11) point out that the solution of Eq. 21 for 
bp given by Eq. 32 is completely equivalent to solving the set of equations 
[H,a^ ]|0> = «.(p)a*|o> *(33) 
l4 
[H,a"''a"'"a''"aa] [0> = w(p)a*ata*aa|o> *(35) 
Eg. 33 yields, upon contraction, singles and uncontractable triples. The 
•uncontractable triples are evaluated using Eg.34, which yields singles, 
triples, and uncontractable quintuples. The uncontractable quintuples are 
evaluated by using Eq. 35 which yields triples, quintuples, and uncon­
tractable septuples. To the order of approximation indicated by Eq. 32, 
the uncontractable septuples are neglected. Eqs. 33, 3^ , and 35 then 
represent a set of coupled equations whose simultaneous solution will 
yield w(p) and b\ 
Suhl and Werthamer (10,11) solve the degenerate electron gas problem 
by arbitrarily terminating the extended RPA procedure at the second order, 
which is equivalent to solving Eqs. 33 and 3^ « They evaluate the triple 
commutator, Eq. 3^ , approximately by utilizing the fact that the Coulomb 
potential is singular at the origin. Their results agree with the most 
sophisticated of previous calculations. It will be shown that their 
methods are equally successful when applied to the many-boson problem. 
1. The density excitation operator 
It was shown by Feynman (8) that the elementary excitations in He II 
at low momenta are generated by the excitation operator 
which is just the Fourier transform of the density. Furthermore, it has 
been argued by Landau and Lifshitz (l2, p. 199), and others, that any 
quantum fluid which obeys boson statistics displays low momentum excita­
tions of this form. Therefore, we propose for consideration, an excita­
tion operator that represents the most general possible linear combination 
15 
of the products snd which also contains the density operator as a 
special case, namely 
tk = Z (36) 
where c(p,k) are c-number coefficients to be determined. If acting 
on an energy eigenstate of the system, excites the system to an eigenstate 
of higher momentum, then there exists an approximate solution to the 
equation of motion such that 
[H,b^ ]jO> = u)(k)bj|0>. (21) 
The commutator for b^ , as given by Eq_. 36 is 
CH,b^]|0> = Z c(p,k)[E,a+_^^a^] |o> (37) 
where 
' fVt "VWp ^ - VkVnPJ (38) 
and V(k) = V(-k). This result is considerably simplified if one makes the 
random phase approximation; "The motion of a pair with momentum k is 
determined by keeping only the terms in the interaction associated with 
the k^  ^momentum transfer," (Pines 13, p. 47). Eq. 38 then reduces to 
= fTp+k - (39) 
where is the number of particles operator for momentum p. The substi­
tution of Eg. 39 into Eq. 37 gives 
[H,b^ ]l0> = Z [o(p,k)(Tp+% - Tp) + l(k)]a++^ ap|0> (40) 
where 
l(k) = E c(q,k)V(k)[K^  - (4l) 
16 
From Eqs. 21, 36, and 4o 
S rc(p,k)(m(k) + Tp - - l(k)]a^ a^^ |0> = 0. *(42) 
If the operator l(k) may be replaced by its ground state expectation 
value, then Eq. k2 is satisfied if and only if the quantity in the square 
brackets vanishes. In this case c(p,k) is given by the integral equation, 
• «  
where is now the ground state expectation value for the number of 
particles with momentum q, or simply the momentum distribution function. 
By multiplying both sides of Eq. i|-3 by N - W and summing over p, we p p+K 
find that 
It is expected that will be large only for small values of p and so 
the major contribution to the sum over p in Eq. 44 comes from small mo­
menta. Therefore, we approximate the square bracket in Eq. 44 by its low 
momentum limit. 
lim Vk - \ (4=) 
Substituting this value into Eq. 44 yields the excitation energy 
tu (^k) = + 2T^ mv(k). (46) 
For this approximation to be valid, it is not necessary that % 0 
for all states with p>0, as is the case in the weak-coupling approximation, 
but only that most of the particles lie in a narrow region |p|<!ô| of 
17 
momentum space surrounding the origin. We require that ô be small enough 
to insure that the result given by Eq. 4$ is a valid replacement for the 
square bracket in Eq. 44. Since the closely spaced, low-lying momentum 
states are expected to be hi^ ly degenerate for systems with weak or mod­
erate interaction strengths, such a requirement is not unreasonable. 
Naturally, any precise estimate on the validity of this approximation 
depends on the interaction and must be tested for each individual problem. 
However, an investigation reveals that the approximation is valid over a 
fairly wide range of conditions. A rough calculation indicates that 
remains quite local in momentum space even for interaction strengths as 
large as those in He II and it follows that Eq. 45 is a satisfactory re­
placement at all momenta, thus giving support to our discussion. 
Eq. 46 is recognized to be of the form derived by Bogoliubov (2), and 
others, for the excitation energy. Bogoliubov (2) arrives at his result 
by assuming that an overwheH^ ng portion of the particles are in the sin­
gle-particle zero-momentum state with a negligibly small number at higher 
momenta. In our derivation, we are able to consider systems for which an 
arbitrary nuntoer of low-lying states contain a large number of particles, 
subject only to the condition that the totality of states which contain 
most of the particles is sufficiently localized. No undue attention is 
paid to the zero-momentum state, nor is an artificial separation of this 
state from other states of low momentum necessary. It is for this reason 
that we consider Eq. 46 to be more general than had previously been indi­
cated, and possibly it is applicable to a wider class of problems. 
From Eq. 36 it is seen that the excited state [k> is generated from 
the ground state in the following way: 
18 
!k> = b^!o> = s c(p,k)a^^j^a^|0>. (4?) 
The plane-wave creation and annihilation operators may be transformed 
according to the expression 
-IP'X, 
'i 
where ^ (x^ ) is the usual Fock space field operator. It is assumed that 
c(p,k) is Fourier transformable as a function of both variables. There­
fore, |k> may be written as 
-ip«(x.-x.) ik'X, 
a = E V(x,)e 
P X. ^ 
lk> = 2 c(p,k)^ *(x )^ (x^ )e  ^  ^e |^o> 
P'Xi'Xj 
ik'X 
s I 
s c(x^-Xj,Xj-Xg)^ (xpijf(x^)e |0>. (48) 
Define 
h(Xg) = 2 c(x^ -x^ ,x^ -xg)i!r'^ (xpi|f(x^ ). (4?) 
The substitution of Eq.. 49 into Eg. 48 gives 
ik'X 
|k> = Z h(Xg)e ®|0>. (50) 
s^ 
This wave function has the same form as that of Feynman and Cohen (9), 
although their coefficients h(x) are presumably different from ours, having 
been determined by a variational procedure. 
The f-sum rule for the excitations generated by b* can be found by 
considering the ground state expectation value for the following com­
mutator; 
19 
<0| (rH,<],b:j )^|0> = - r »(k)n.r(tk)on(ttk)no + ' <51) 
The double commutator on the left-hand side of Eq. 51 may be evaluated 
exactly but, to be consistent with the approximations of this theory, it 
•will be considered only in the limit of the KPA. The result is 
+\ /,_+ \ . /,.+ \ /i.+\ _ 
no-' " 
P 
= B:(P,k)c(P+k,-k)(Ip+k-Ig)(Bp-%g+k) 
+ r c (p.k)c (q+k, -k)V(k) ' (52) 
P^ Q. 
This result can be further simplified if the momentum distribution func­
tion is sufficiently local so that the coefficients in Eq,. 52 may be re­
placed by their mean value over the interval of integration. This, of 
course, is identical to the procedure used earlier to derive the excita­
tion energy. More crudely, may be replaced by its value for a non-
interacting system. In either case, the result is, 
s Ii)(k) J + '''!k>on<^ kU = ^  o(0,k)o(k,-k) 
n 
+ R^ V(k)[c(0,k)-c(-k,k)]rc(k,-k)-c(0,-k)]. (53) 
For the special case where b^  = b_^ y Eq. 53 may be further simplified. 
One such case, which will be shown to occur under certain circumstances, 
is for c(p,k) independent of p, that is c(p,k) = z(k). Then b^ -oreduces to 
the density fluctuation, i.e. 
bj = S z(k)a++ .^a = z(k)p% m 
p 
and Eq. 53 becomes 
-^W.olPklno' = # (55) 
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which is identical to the result of Miller, Pines, and Nozieres (l4). 
Since Peynman (8) has shown that jk> = p^ |0> is an approximate energy 
eigenstate for He II at low momenta and since there is every reason to 
believe that the same is true for any many-boson fluid, it is of consider­
able interest to investigate the consequences of such a proposition within 
the framework of our calculation. Now in the limit of small k, the excited 
state |k> = 2 c(p,k)a^ _^ j^ ap)o> depends only on small values of p and c(p,k) 
is independent of p. This follows from Eq. 43 providing W(k)»T^ , 
for the only p dependence on the right hand side of Eg. 43 is the kinetic 
energy term of the denominator, and the above inequality expresses the 
condition that the kinetic energy excitation is a small part of the total 
excitation energy. In this case the excitation operator is of the form 
given by Eq. 5^  and, since the following calculations are independent of 
the c-number coefficient z(k), it may be omitted without loss of gener­
ality. Thus, at low momenta 
We may now make use of the following well-known relations (15 ) in­
volving the density fluctuation p^ . 
(56) 
and 
= cu(k)pj^ . (57) 
(58) 
(59) 
2mc' 
(60) 
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where S(k) is the structure factor and c is the sound velocity. Prom Eqs. 
57, 58; and 59 It is seen that for small k. 
where the zero of the excitation energy has been defined by H[0> = 0. 
Therefore, from Eqs. 59 and 61, it is apparent that 
which is the result originally derived by Peynman (8) using a variational 
calculation. Thus, Eqs. 57 and 59 reveal that, if the density fluctuation 
is a non-interacting elementary excitation of the system, then Eq. 62 is 
the correct expression for the excitation energy. This equation has been 
experimentally verified to be correct for He II at low momenta. 
The low momentum character of S(k) may be determined from Eqs. 57 and 
60. That is. 
0> = u)(k)S(k) (61) 
(62) 
Therefore, using Eq. 60 
(64) 
From Eq. 46 
(65) 
where 
2 _ W(0) 
 ^ - m " 
(66) 
Substituting Eq. 65 into Eq. 64 gives 
kïû = A (67) 
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which shows that the liquid structure factor is linear in momentum at low 
k. This result is also found to be in very good agreement with experiment 
for He II. Eq. 6j may be derived directly from Eq. 62 by substituting in 
the expression for w(k) as given by Eq. k6. That is, 
lim ... lim k k 
[Awv(k)i*  ^
where we have used Eq. 66. It can be concluded that if p^ |^o> is an 
excited eigenstate of the system, then S(k) is correctly given by Eq. 67. 
For a weakly-interacting boson system it was shown in Chapter IT that 
the quasi-particle excitation operator is of the form 
k^ %(%)&% + v(k)a_^  (68) 
where 
= 2^  rw(k) + + W(k)] (69) 
v^ (k) = + MV(k) - w(k)l. (70) 
The excitation operator represented by Eq. 36 may also be given in the 
weak-coupling limit by retaining only those terms in the sum over p that 
contain av least one plane-wava operator of zero momentum, which is then 
replaced by the c-nuraiber 
That is. 
= Z c(p,k)a^ a^^  = c(o,k)a^ a^  + c(-k,k)a^ a_^  
= ll2c(o,k)a^ + îl2c(-k,k)a_j^. (7I) 
The coefficients c(o,k) and c(-k,k) may be calculated from Eq. 43 and the 
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normalization condition 
<k|k> = S c^ (p,k)[Np - = 1. (72) 
These equations are evaluated in the weak-coupling limit by replacing the 
momentum distribution function by its value for a non-interacting system, 
in which case Eqs. 43 and J2 become, 
Nc^ (0,k) - Nc^ (-k,k) = 1 (73) 
The simultaneous solution of Eqs. 73 and 7^  yield 
Nc^ (0,k) = u^ (k) (75) 
Nc^ (-k,k) = v~(k). (76) 
The substitution of these results into Eq. 71 reveals that in the limit of 
weak coupling, the excitation operator b^ , as defined by Eq. 36, is com­
pletely equivalent to the excitation operator of Bogoliubov (2). This, 
along with the energy spectrum already derived, establishes that, when 
taken to the appropriate limit, our method is entirely identical to the 
weak-coupling calculation of Bogoliubov (2). 
2. The opposite momentum correlated pairs 
Earlier in this chapter it was shown that the most general linear­
ization of the equation of motion for the plane-wave operator is given 
by Eq. 26, where one neglects the remaining non-linear term. If the 
fluctuation terms are also neglected, which are shown to be negligibly 
small in Appendix A, the commutator [H,a"^ l acting on the ground state of 
P 
the system reduces to 
2k 
[H,8+] = rr^ +K(p)]a+ + Z7(p-k)<B^ a2]^ >a_p. *(28) 
For such an equation, one can construct an operator which is a linear 
combination of a"*" and a and satisfies Eq. 21. That is, the operator 
P -P 
which excites the normal modes of the system is given by-
bp « (y(p)a^ + 0(p)a_p (29) 
where Q/(p) and 0(p) are c-number coefficients. 
The motivation for considering a linearization of the form given by 
Eq. 28 comes primarily from arguments based on the weak-coupling theories, 
where the operator products a^ a ^  and a^ a ^  are known to have large expec­
tation values at low momenta. A similar treatment occurs in the theory of 
superconductivity where these opposite momentum pairs are of paramount 
importance. In fact, Valatin and Butler (7) have demonstrated that there 
is a remarkable resemblence between the mathematical formulation of many-
boson theory and that of superconductivity. Actually, some of the pro­
cedures of this section may be brought into formal equivalence with their 
work. The more complete analysis presented here will show the relation­
ship to the weak-coupling theories in an obvious way and important gener­
alizations are provided in a simplified form. The following approach is 
congletely analogous to a method of Anderson and Schrieffer (l6) where 
they calculate the excitation spectrum and the ground state energy for a 
superconducting system. 
The most general solution to Eq. 21 for an excitation operator of the 
form given by Eq. 29 is found by substituting Eq. 28 and its time reversed 
hermitian conjugate into the following equation: 
[H,cv(p)ap + 3(p)a_^]|0> = m(p)[(y(p)a^ + B(p)a_^|0>. (77) 
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The result is given by a pair of coupled equations 
cyb) n(p) - P(p) 'n(p) = o'(p) co(p) 
a(p) Tl(p) - g(p) ui(p) = e(p) U)(p) 
where 
(78) 
(79) 
(80) 
(81) 
H(P) = Tp + K(p) 
Tl(p) = S V(p-k)<a^ a^ j^ >. 
If o'(p) and 3(p) obey the added condition 
O'^ (P) - P^ (p) = 1, (82) 
then the b's satisfy the usual boson commutation laws. The excitation 
spectrum is given by 
u)^ (p) = n^ (p) - f(p). (83) 
The inverse of the transformation, defined by Eg. 29, and its hermitian 
conjugate is 
/ p 
a 
-Pj 
û'(p) -B(P) 
"P(p) Qf(p) 
\ 
/ i'-p/ 
(%) 
This equation together with the requirement that the ground state wave 
function jO> be a vacuum state for the generation of quasi-particles, that 
is 
tp|0> = 0 (85) 
is sufficient to calculate the momentum distribution function in the cor­
rect ground state. 
P^ <ra(p)^ p - P(p)b_p][cy(p)b^  - P(p)b^ l^|> = p^ (p) (86) 
From Eqs. 78, 79, and 82 
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a ] "(P) = ô ttM +1 2 tan 
(8T) 
(88) 
The only remaining iinknown quantity, 1l(p)> may be calculated in the 
following way. From Eqs. 78, 79, 85, and 86, it can be seen that the 
ground state expectation value of b^ b^  is 
= 2o;(p)p(p)<a,^ a]['^ > + 2N^ (yi) = 0 
where it is assumed that n = E . Therefore, 
P -P 
+ + i a . 
P -P 
Substituting this result into Eq, 8l gives 
HCP) = - r v(p-k)Kj^  ill}. 
From Eqs. 78, 79, and 83, it can be seen that 
-Q'(k)  ^ 'n(k)  ^ Tide) 
T® U3(k) - n(k) _ T1.2(k)]^  - n(k) 
Substituting Eq. 92 into Eq. 9I gives 
V(p-k)N^ T)(k) 
(89) 
(90) 
(91) 
(92) 
Tl(p) = 2 
k . 2 
(93) 
[p, (k) - T1 (k)]2 - y,(k) 
Therefore, Tl(p) is defined by the above integral equation. 
For systems whose momentum distribution function is effectively 
localized about the origin within a range 0, it is sufficient to evaluate 
Q'(k)/p(k) for small momenta and to work directly with Eq. 91. From Eqs. 
82 and 86 
4^ = 
Wl - N, 
(94) 
27a 
It is clear that for all k such that 
N^»l (95) 
then 
(96) 
Ineq. 95 <loes not necessarily refer to only those single-particle states 
with a macroscopic particle occupation, but it also refers to all states 
where N, is more than an order of magnitude greater than unity. 
If the momentum distribution function is sufficiently local so that 
the totality of states that satisfy Ineq. 95 contain a large majority of 
the particles, then the substitution of Eq. 9^  into Eg. 9I is quite valid. 
In any case, such a substitution is superior to the weak-coupling approxi­
mation since, for that result, the only term retained in Eq. 9I is the one 
with k = 0. The sign of Eq. 9^  is of no importance provided that it does 
not change sign for different values of momentum in the interval jlc j g 5. 
In the weak-coupling approximation it can be seen that Eq. 90 reduces to 
and, therefore, the negative solution of Eq. $6 must be correct. If we 
assume that for small momenta, (y(k)/p(k) does not change discontinuously 
from its weak-coupling value of -1 to +1 then, wherever Eq. 96 is approxi­
mately valid, we retain its negative solution. Under these conditions, it 
can be seen from Eqs. 2J, 9I, and 96 that 
Prom Eqs. 80, 83, and 97 the excitation energy is determined to be 
It can be seen from Eq. 27 that Eq. 98 reduces to the weak-coupling result 
(2) in the appropriate limit. So^ zever. a detailed discussion of this 
Tl^ (p) = K^ (p) (97) 
œ%) = Tp^  + 2TpK(p) (98) 
27b 
equation and all other results in this chapter will be deferred until 
Chapter IV. 
Naturally the validity of Eq. 96 must be tested for each individual 
problem and the following formulation of cy(k)/p(k) is convenient for 
making this test. From £qs. Ô7 and 68 it can be soen that 
^ (99) 
SO Eq. $6 is correct for small momenta if 
.2; lim u)(k) _ lim T- K'^ (k) 
jjiW " kSÔ " rm  ^
2 
« 1. 
+ K(k)fJ 
Therefore, if « K(k) for all momenta within the range of then 
Eq. 96 is valid and the expression for ai)(p) is correctly given by Eq. 98. 
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At this point we consider the consequences of neglecting the triple 
term in Eq. 2$, upon which the results of this section depend. Consider 
the truncated Eamiltonian generated by neglecting all but the terms _k = 0, 
q = jg-k, and ^  = -p in the interaction part of Eq. 1. This Hamiltonian^  
called the "pair Hamiltonian" (5,6), has the advantage that it contains 
the Bogoliubov (2) Hamiltonian as well as all other possible pair terms. 
As previously mentioned, these opposite momentum pairs are expected to 
give important contributions in the many-boson problem. H . is given by 
Vir = 
+ VA-q,V-ql • 
The equation of motion for a^  with is, after neglecting only 
the fluctuation terms, 
+ K(g)la+ + z 7(p.k)<a+a+^ >a_^ . *(101) 
This result, which is identical to Eq. 28, contains no terms non-linear in 
the plane-wave annihilation or creation operators. The point is that Eq. 
28 results only after neglecting certain non-linear terms in [H,a^ "l, 
whereas in TH . ,a "] they do not exist. One concludes that the terms pS>X3r p 
neglected by linearizing [H,a^ ] are just those neglected in the pair Ham­
iltonian and vice-versa. 
The effective Hamiltonian which is necessary and sufficient to yield 
the equation of motion given by Eq. 2Ô and, therefore, all of the results 
presented here, is formed by replacing all different pairs of operators in 
the interaction part of Eq. 100 with their average values. This is done 
without neglecting any terms in The result is. 
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"red = ''('«-l)V(O) + g + I s K(k)[a^ a+,^  
+ v-K + • (102) 
Thus, it is concluded that the most general linearization of the equation 
of motion for an excitation operator such as given by Eq. 29 is determined 
from the pair Hamiltonian alone. 
3. Application of the extended EPA to the many-boson problem 
It has been seen that the ordinary RPA for the excitation operator 
as given by Eq. 2k, is a poorer approximation than is Bogoliubov's (2) 
method for calculating the excitation energy. But the first extension of 
the RPA, as displayed by Eq. 30, not only includes all the terms retained 
by the Bogoliubov (2) approximation, but allows important generalizations. 
By neglecting the fluctuation term in Eq. 23, the commutator [H,a^ ] may be 
written as 
= dp + K(p)]a.++ *(103) 
q,k 
The extended EPA amounts to calculating the contribution to the single 
operator amplitude a^  from the triple term in Eq. 103. This can be done 
by evaluating the triple commutator, Eq. 3^ , which is then contracted by 
replacing number operators with their expectation values in the correct 
ground state, as outlined earlier in this chapter. The solution of the 
contracted equation is still quite formidable, however. Suhl and Werthamer 
(10) get around this difficulty for a degenerate electron gas by utilizing 
the singular character of the Coulomb potential to extract an approximate 
solution. For the many-boson problem, an approximate evaluation of the 
triple commutator can be found by making use of the following ideas. 
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It has been noted, (2,5,6) that the opposite moment-um pairs, a^ a"^  ^
and a^ a_^  have an unusually large weight in many-boson systems, as they do 
in superconductivity. These products appear in the triple term of Eq. 103 
when q = -p. Another indication of which terms are important in the sum 
over the triple product comes from the result of the ordinary BPA, which 
is known to be a reasonable approximation at large momenta. From Eq. 24 
it can be seen that only those momentum transfers within an interval 6 of 
the momentum of the excitation contribute to the sum, where 5 is the 
approximate range of the momentum distribution function. For small 5, ths 
important contribution comes from momentum transfers k, in the vicinity of 
momentum p. There is a clear implication from this discussion that the 
sum over the triple product in Eq. 103 is highly weighted in the vicinity 
of {q,k = -p,p}. This conclusion is in accord with the Bogoliubov (2) 
approximation since, in that case, the only values that contribute to the 
sum over the triple product are q = -p and k = p. The above considerations 
suggest that the Bogoliubov (2) approximation be generalized by extending 
the region of summation to include all terms in the triple product of Eq. 
103 for which 
 ^Ô 
1 q+k| ^  6 . (104) 
The contribution to the equation of motion from the triple term in 
Eq. 103 is calculated by use of Eq. 34, that is, 
|0> = s 110>. (105) 
q,k q,k 
Therefore, the commutator FUja"^  , a"*" , a 1 is evaluated subject to the re-
p-k q+k q ' 
strictions imposed by Ineqs. 104. The general result for Eq. 3^  is 
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-^^ %-k+n^ q-rk^ q ^  ^m-n^ q+k+n^ p-k^ m^ q " ^ m-n^ p-k^ q+k^ q-n^  
+ Z V(^ )^ q+k-n^ p-k+n^ q-
By contracting Eq. 106 and ignoring terms of order N"^  compared to those 
that are kept, one gets 
C-'ï'' •" • Vl' " = ® 
+ z V(n)rM^ _^^  + VkVk\ *(10T) 
H- S CV(4+k-p)H^  + - V(q+k-p)Yj^  -
+ Z [V(k)II^  + V(n-3)S^  - V(k)N^ .^ j^  - V(g-n)\+k]4+k%.A 
+ rv(k)Y,+k + 
+ Vp-k - ^ (k)%.kV% 
where Q is the sum of the uncontractable quintuples. Under the conditions 
imposed by Ineqs. 104, the Q terms can be shown to yield no contribution 
to the equation of motion and, therefore, they are hereafter neglected. 
As a result, Eqs. 103 and 107 form a complete set of coupled equations 
which contain only single and triple operator products, and whose simul­
taneous solution yields the excitation spectrum and the excitation 
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operatq^ . Thus, the approximation represented by Ineq. 10^  may be looked 
upon as the condition under which it is completely valid to terminate the 
extended RPA at second order. This point will be discussed in detail in 
Appendix B. 
The solution of these coupled, integral equations is greatly simpli­
fied if the momentum distribution of particles is well localized so that 
5 is a small interval. In that case, the only term in the singlet ampli­
tude of Eq. lOT that is not negligibly small in the interval specified by 
Ineq. 104 is All other single terms may be neglected. 
Furthermore, since the triple operator products of Eq. 103 are contained 
in a double sum, also bounded in the momentum interval specified in Ineq. 
104, the simultaneous solution of Eqs. 103 and 107 is expedited by mul­
tiplying Eq. 107 with V(k) and summing over the same interval. It has 
already been argued that the triple term of Eq. 103 is highly weighted for 
momentum transfers in the vicinity of the excitation; that is, the only 
terms retained are those for which |p-k| ^  6. Therefore, after summing 
Eq. 107 and retaining only those triple terms with momentum transfers with­
in Ô of the excitation, the result is 
JJVMk(p) + 4. K(p)V(4+k-p)]a^.^a^^j^a^ 
= -S K(lc)V(k)Nj__j^ a^  *(108) 
where it is understood that the summation is bounded in the interval spec­
ified by Ineq. 104. For 6 sufficiently small, it is a good approximation 
to replace the square bracket in Eq. 108 by its mean value over the inter­
val. That is 
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rv(k)(co(p) + + K(p)v(q.+k-p)] 
= V(k)ru)(p) + I + K(p)l. (109) 
The substitution of this result into Eq. 108 gives 
. . K(lc)V(k)K .a* 
• - g • MP) 4. 7'+ g(p) • *(110) 
This equation, which relates the triple term appearing in the equation of 
motion for a^  to the singlet angilitucLe, may be further simplified for K(k) 
that vary smoothly over any small momentum interval ô. In this case 
EK(k)V(k)]J = K(p) Z V(k)N . = K%). (Ill) 
k k 
The substitution of Eq. Ill into Eq. 110 gives 
K^ (p)a^  
J^(^ )^ p-k\+k^ q "'tu(p) + T + K(p}-q,Js: p 
By substituting this result into Eq. 103 and with Eq. 33, the excitation 
energy is calculated to be 
U)^ (P) = + 2T^ K(P) 
which is identical to the result derived in Part 2 of this chapter. 
The operator that generates the elementary excitations of the system 
is given by Eq. 30. Over the limited interval of summation indicated by 
Ineq. 104, it is entirely sufficient for the purposes of this calculation 
to represent this excitation operator with 
fcp = % + g(F) (113) 
With the aid of Eqs. 21, 34, 103, and 110, the quantity g(p) is determined 
by evaluating the commutator of b^  with the Hamiltonian 
P 
34 
= co(p)rap + 8(p) 
q^K 
= ra,a+] + g(p) s'V(lc)[H,a+_^ a^ ^^ a^ l *(llt) 
q^ k 
= rTj,+K{p)>n 2;'V(k)a^ _j^ a+^ a^^  
- s(p)rTp + K(p)] i:'V(k)a^ _j^ a^ j^^ a^  - g(p)K^ (p)a^ . 
By equating the coefficients of either the single or the triple terms in 
Eq. Il4; the result for g(p) is, 
S(ï') = w(p; + Tp + K(p}* ^^ 5) 
The substitution of Eq, 115 into Eq. 113 gives 
This excitation operator may be approximated by applying the techniques 
used in Part 2 of the present chapter. In Eq. Il6, it is noted that the 
sum over q is restricted to include only the narrow interval around q = -p. 
By going to the limit of q = -p and then replacing a"^  a!^  with its aver-
o- p-K K-p 
"Î"  ^ -J. 
age value >^, b^  reduces exactly to the excitation operator de­
fined by Eq. 2^ , except for a normalization coefficient which ir no way 
affects the generality of the result. Thus, we have shown that there 
exists a close relationship between the particle-conserving excitations 
presented here and the particle non-conserving excitations generated in 
Part 2. 
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B. Extended Bogoliubov Approximation 
The method developed in this section is a direct generalization of 
Bogcliubov's (2) technique which, however, is applicable to systems where 
an arbitrary number of low-lying states are occupied by a large number of 
particles. The zero-momentum state is not considered separately but only 
in conjunction with the other low-lying states. The results for the 
ground state energy, the excitation spectrum, and the momentum distribution 
function are in the form of coupled, integral equations. These equations 
coincide with those derived in the previous sections. 
Suppose that other low-lying, single-particle states besides the 
zero-momentum state contain large numbers of particles. That is 
for jkjsô (117) 
and 
s \«1. (118) 
k>6 ^ 
A plane-wave annihilation or creation operator acting on a wave function 
for a many-particle system with a precise number of particles in each 
single-particle, plane-wave state gives 
\ —> = (If^ )^  I —} —> 
+ -
a^ I^ —> = (NJ^ +1)^  ! ——> 
where has been defined as the number of particles in the state of mo­
mentum k. If, for the correct momentum states of the interacting system, 
the fluctuation of particle number in each single-particle state satisfy­
ing Ineq. 117 is small compared to its mean value, then two approximations 
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are in order; 
a. Replace (lî^ +l)^  by 
b. Assume that the physical properties of the many-particle system 
are not significantly altered by adding or removing a particle 
from a state satisfying Ineq. II7. 
+ 
Under these circumstances, the operators a^  and a^  commute with each other 
as veil as with all operators of different momentum and, therefore, they 
may be replaced by their c-number expectation values in the correct ground 
state of the many-particle system. These arguments are, of course, iden­
tical to those advanced by Bogoliubov (2) to justify the replacement of 
zero-momentum operators with their average values in the interaction part 
of the Hamiltonian. Here, in a completely analogous way, we extend the 
Bogoliubov (2) approximation by allowing operators that act on states 
which satisfy Ineq. II7 to be replaced by their ground state expectation 
values. 
Consider the interaction part of the Hamiltonian 
& =  ^p, 
For any approximation involving the replacement of an operator or a pro­
duct of operators in with their expectation values, only those processes 
which conserve momentum are considered, since is itself a momentum con­
serving quantity. Suppose that one replaces all four operators in Eq. II9 
by their ground state expectation values, then under certain circumstances, 
the result might be expected to yield a reasonable estimate for the poten­
tial energy. However, all dynamical quantities such as the excitation 
spectrum would not be calculable from such a procedure. As a next 
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approximation one could replace all possible products of three operators 
by their average values but then, providing that only moiaentum conserving 
processes are retained, the only remaining operator vould be of zero mo­
mentum, a case which is also dynamically non-interesting. In fact, the 
very loi/est order non-trivial way to consider the dynamic characteristics 
of a system is to replace all possible pairs of operators by their average 
values. 
After making all possible pairwise replacements in one gets 
=1 = + i + V-pVic 
+ V-PV " <.kWp + 
By changing the indices of summation in Eg. 120 and adding to it the 
kinetic energy term, the total Hamiltonian is 
a = I ®kVk + + i I K(':)r«k + v-k + KhJ (1^ ) 
where K(k) has been previously defined, 
K(k) = SV(p)Wp_j^ . • (27) 
For systems in which a large majority of the particles are in the 
zero-momentum, single-particle state, K(k) may be evaluated by retaining 
only the term p = k in the sum over p in Eg. 27, in which case Eq. 121 
reduces to the model Hamiltonian originally derived by Bogoliubov (2). 
However, this a-priori assumption about the momentum distribution of 
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particles is not required and, since K(k) contains the contribution from 
particles in all momentum states, including the state of zero momentum, 
important generalizations result if K(k) is calculated without making any-
such weak-coupling approximation. Therefore, we proceed by diagonalizing 
Eg.. 121 directly. The result is 
H = + S u)(k)b^ b^  (122) 
where is interpreted as the ground state energy and is given by 
+ 1 2 rm(k) - T^  - K(k)l. (l23) 
The equations for the excitation spectrum t,o(k), the excitation operator 
"J" b^ , and the momentum distribution function are found to be identical 
to the results derived in Part 2 of Chapter III. Thus, Eqs. 27, 86, 98, 
and 123 form a set of coupled, non-linear, integral equatiois whose solu­
tion yields complete knowledge about the ground state properties of the 
system. Finally, it can be shown that the approximate Hamiltonian, given 
by Eg. 121, is derivable from the pair Eamiltonian alone. This same 
connection was also discovered in the work of Part 2. 
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IV. SUMMABY AMD DISCUSSION 
The principal acconçlishments of this paper are contained in the new 
results that have been derived for the excitation spectrum, the excitation 
operator, the ground state energy, and the momentum distribution function. 
The coupled equations for these quantities are 
U)(k) = [T^  ^+ 2T^ K(k)]^  (124) 
= (^^ -I)V(O) + 1 2 [u)(k) - T^  - K(k)l (125) 
k^ = + K(k)] (126) 
where 
K(k) = Z V(p-k)N . (127) 
P  ^
There are three inçortant features of the theory that should be 
emphasized. They are: 
(a) In the weak-coupling limit the theory reduces identically to that 
of Bogoliubov (2). This statement can be verified by evaluating 
the quantity K(k) from Eq. 127, where only the term involving 
particles in the zero-momentum state is retained. Then K(k) = 
N^ V(k), and to the extent that the Bogoliubov (2) approximation 
is known to be valid, K(k) = MV(k), since = N. By substituting 
this value for K(k) into Eqs. 124, 125, and 126, the well known 
weak-coupling results are obtained. As an example, the excitation 
"f" 
The separate theory presented in Part 1 of Chapter III is self-
contained and will not be discussed here. 
ko 
spectrum and the ground state energy become 
P J, 
u)(k) = + 2Tj^ W(k)]2 (128) 
= N(M-1)V(O) + 1 2 _ Kv(k)l. (129) 
3ha weak-coupling results are actually valid under more general 
circumstances than had previously been considered. For instance, 
it can be seen that if the Fourier transform of the interaction 
potential is sufficiently smooth over the approximate width of 
the momentum distribution function then, in the expression for 
K(k), V(p-k) may be replaced by its mean value over the interval, 
i.e. 
K(k) = S V(p-k)N « V(k) S N « NV(k) (130) 
P  ^ P  ^
which is identical to the result obtained from the Bogoliubov (2) 
approximation. Again, the substitution of Eg. I30 into Eqs. 124, 
125, and 126, yields the standard weak-coupling results for m(k), 
E^ , and However, in this case, K(k) is not sensitive to the 
exact momentum distribution of particles. The more local the 
momentuia distribution function and the more regular the potential, 
the more accurate is Eq. I30. For instance, if an overwhelming 
portion of the particles are in the zero-momentum, single-particle 
state as is the case in the weak-coupling limit, or if is so 
localized that it is almost a delta function, or if V(p-k) is 
essentially constant and perhaps replaceable by its s-wave 
scattering length, then Eg_. 130 is an excellent approximation. It 
is evident that the conditions required for the validity of Eq. 
kl 
130 are less severe than in the Bogoliubov (2) approximation even 
though the results are identical. It is for this reason that we 
consider the weak-coupling results to be valid under more general 
circumstances than had previously been considered. This same 
conclusion was reached by the theory presented in Part 1 of Chap­
ter III. 
(c) There are conditions for which K(k) does not approximately equal 
!NV(k) and, as a result, the weak-coupling equations are invalid. 
In that case, the coupled set, Eqs. 124, 125, 126, and 127 must 
be solved. An example of such a system is the charged boson gas. 
The Fourier transform of the potential changes very rapidly at 
low momenta and becomes infinite at the origin. Such behavior 
violates the conditions under which Eq. I30 can be derived and, 
it will be shown in Chapter V, that K(k) is much different than 
MV(k) at low momenta. As a result, we find an excitation spectrum 
which differs markedly from that obtained by the weak-coupling 
calculation of Foldy (IT). 
An important accomplishment of the general theory that has been 
developed in this paper is that no a-priori assumption concerning the pop­
ulation of any single, low-lying momentum state is required. The equations 
that govern the behavior of the system are explicitly dependent on the 
momentum distribution function which, in turn, is fully derivable from the 
theory. Therefore, questions concerning the depletion of particles in the 
zero-momentum state are not relevant because the depletion is automatically 
accounted for. 
This conclusion is supported in a calculation recently made by 
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Bassichis and Foldy (l8), who solve a simple boson model exactly and then 
compare the results with the Bogoliubov (2) solution. They found that for 
a system containing a large number of particles, the Bogoliubov (2) re­
sults, ignoring depletion effects, are identical to the exact solution. 
Based on our theory such should be the case if Eq. I30 and, therefore, Eqs. 
128 and 129 are valid. The model does satisfy the conditions of Eq. 130 and, 
therefore, the results of Bassichis and Foldy (I8) are quite reasonable. 
Another case, where depletion effects seem to contradict otherwise 
reasonable results is in He II. For instance, Brueckner and Sawada (3) 
have derived an excitation spectrum for He II that is in fair agreement 
with experiment, but the calculation ignores depletion in the zero-momentum 
state. When depletion is included, the agreement vanishes. However, as 
will be shown in Appendix C, the results for He II are probably insensitive 
to the precise momentum distribution of particles and, therefore, the 
weak-coupling equations are valid only if depletion is completely ignored. 
A common practice in previous many-boson calculations has been to 
ignore the dynamic characteristics of the zero-momentum state by replacing 
certain zero-momentum operators with c-numbers and then to work separately 
with the particles in states of higher momentum. This procedure inevitably 
leads to the appearance of the expectation value which, in most cases, 
is then replaced in the calculation by N. However, if the depletion of 
the zero-momentum state is too large to allow such a replacement, must 
be retained. It is then argued that the weak-coupling equations may still 
be valid because the high degree of momentum correlation in the system 
justifies a partial neglect of particles in states of hi^ er momenta. This 
is a common, and the most single way to account for depletion. However, 
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based on our theory, such an approach is not correct since the particles 
contained in the non-zero low-lying momentum states give an important con­
tribution to the results, as can be seen by evaluating the exchange energy 
K(k). We conclude therefore, that many attempts to generalize the weak-
coupling theories, by allowing for depletion effects, are suspact and quite 
possibly wrong. 
Finally, we draw some conclusions of great interest concerning the 
nature of the low-lying excitations in a many-boson system. At very low 
momenta the interaction is expected to be very important in determining 
the nature of the excitations while, at high momenta, the kinetic energy 
becomes large and tends to mask the effect of the interaction. Prom Eq. 
98 it can be seen that the behavior of cu(k) at small momenta depends 
critically on K(k). Some of the properties of K(k) are, 
K(0) = = k^O ^ V(p-k)N = ZV(p)N . (131) 
Thus, K(k) approaches a finite constant as the momentum approaches zero. 
Furthermore, if K(k) is analytic over some non-zero interval surrounding 
the origin, a property which is assured if the potential V(p-k) is every­
where analytic but not necessarily at the origin, then it is possible to 
represent K(k) by a Taylor series expansion. 
2 
K(k) = K(0) + K'(0)k + ^  + (132) 
where 
PT^ O P 
From Eq. I3I and with Eq. 98 for a)(p), two in^ ortant facts may be 
kh 
established. First, it can be seen that the condition necessary for the 
thermodynamic stability of the quasi-particle system is 
2 V(p)N k 0 (133) 
pj^ O  ^
otherwise the excitation spectrum would become imaginary at sufficiently 
low momenta. Second, the excitation spectrum becomes zero at vanishing 
momentum, independent of the nature of the interaction potential. That is 
m(k) = 0. - (13^ ) 
Also, since Eg. 132 converges for sufficiently small momenta, there exists 
a non-zero a such that, for |k| s: a> K(k) becomes arbitrarily close to 
K(0). Therefore, provided that k(0) 5^  0, 
= ck (135) 
where c is a constant. Thus the lowest lying excitation energies are 
linear in momentum. 
^5 
V. APPLICATIONS 
Consider a negatively charged boson gas, where the only interaction 
is via a Coulomb potential. The gas is assumed to be in a uniform back­
ground of positive charge so that the entire system is electrically neu­
tral. The Fourier transform of the potential Is 
V(p) = ^  Pî^ O 
P 
= 0 p=o. (136} 
Poldy (17) has calculated the excitation spectrum for this gas using the 
weak-coupling equation for u)(p), as given by Eq. 128. The result is 
œ(p) = [T^  ^+ (137) 
where 0^  is the plasma frequency. 
= Ms! (138) 
This result clearly contradicts the conclusions reached in the last chapter 
which are specified by Eqs. 134 and 135* The excitation energy given by 
Eq. 137 becomes a constant of magnitude 0^  as the momentum goes to ze^ ro. 
That is 
-to) = 
The contradiction arises because the Bogoliubov (2) result for m(p) is not 
sufficiently accurate at low momenta for a system interacting throu^  a 
Coulomb potential. It has been shown that the weak-coupling equations are 
valid only if Eq. I30 is valid. This validity depends on the supposition 
that the Fourier transform of the potential does not vary strongly over 
the approximate width of the momentum distribution function, a condition 
1^ 6 
which is definitely not satisfied for a Coulomb potential at small mom.enta. 
A more careful calculation of w(p), based on Eq. 12h is necessary. 
The large number of particles in single-particle states of small but 
not zero momentum tend to screen the Coulomb potential at low momenta, as 
can be seen by solving for K(p) exactly. However, the coupled equations 
are formidable so we approximate by 
3/ _ 2 
Wp = (W) ^ Ne'SP (139) 
where 6 is an adjustable parameter. 
For the Coulomb potential 
2 3y _ 2 
K(k) = SV(p)® . « S 2!|- (Wô) 2 Ke-((P-k) 
pA) pA P^  
_ 2 2 
= 8e (^n6)2  ^e"^ 9 sinh 25pk. (l4o) 
By expanding the sinh and integrating term by term 
IC(k) = 
- 2 
= K(0)ri--^+ 1 (Ikl) 
For sufficiently small k, Eq. 124 for w(k) then reads 
w(k) = = lsOp(26)2 (142) 
which is linear in k. This contradicts Foldy's (17) result but is in 
accord with our general conclusions as given by Eqs. 134 and 135• 
For large values of k, K(k) is always equal to M On) because of the 
limited range of This same result is also obtained by solving Eq. l4o 
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for K(k) at large momenta using Laplace's method. 
Pig. 1 compares Foldy's (17) result with our calculation. At low 
momenta our prediction is given by the solid line, which coincides with 
Foldy's (IT) result, as given by the dotted line, only at large momenta. 
Tr.s slope of an excitation curve represents the velocity with which a 
suitable excitation would propagate through the material, and we would 
_ 1. 
predict a finite velocity (26")^  0 in the limit of long wavelengths, as 
contrasted to Poldy's (17) zero result. 
A potential such as the one given by Pig. 2 is of the form of most 
molecular interaction potentials including liquid He II. Its Fourier 
transform can be excellently described by the function — 
«,2 ,,2 
V(k) = Ae-*k _ Be"^  ^ (l43) 
where A, B, a, and b are appropriate constants. For this type of potential, 
with Eq. 139, K(k) is found to be 
K(k) = %[X  ^  ^ (il*) 
where 
X = ^  
6+a 
jj, = (1^ 5) 
ô+b 
If the width of the momentum distribution function is small compared to the 
width of the Gaussians in Eq. 1^ 3, then 
6 » a,b 
and 
X « n pa 1 (l46) 
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Therefore, if Eg. 146 is satisfied, it can be seen from Eqs. 1^ 3 and l44 
that K(k) % NV(k). The conditions specified by Eq. l46 represent the 
criteria for the system to be relatively insensitive to the precise form 
of the momentum distribution function. 
Fig. 1. Figure 1 represents the excitation spectrum for a charged boson 
gas. The dashed line represents the result of Foldy and the 
solid line represents our prediction at low momenta. For large 
momenta, our prediction agrees with that of Foldy. 
EXCITATION SPECTRUM 
Pig. 2. typical potential for molecular interactions 
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VI. CONCLUSIONS 
An Important step toward understanding the approximate procedures 
connected with both the equation of motion method of Part 2 in Chapter III 
and the extended Bogoliubov scheme is revealed by showing that all proc­
esses which contribute to the interaction are generated by the pair Hamil-
tonian alone, as is the case in superconductivity. Thus we know precisely 
which terms in the interaction part of the Hamiltonian are neglected as a 
result of the approximations involved. Of equal importance is that these 
approximations represent the most simple, non-trivial way the dynamic 
properties of the system may be considered. This is also true for super­
conductivity since analogous arguments may be constructed in that case. 
Perhaps it is not surprising that a very simple dynamical model is success­
ful for both a collection of degenerate bosons and for superconductors 
since they are extremely correlated systems. This means that the internal 
degrees of freedom available to the bare particles are considerably reduced 
and, therefore, the dynamic behavior must be greatly simplified as compared 
to a normal, relatively uncorrelated system. 
Lastly, it is of interest to consider the method for determining the 
form of the quasi-particle excitation operators. Using the method of Suhl 
and Werthamer (10) we proceeded by introducing as a first approximation, 
the correct operator in the limit of vanishing interaction, namely a\ 
Then the equation of motion for this operator was studied which, in turn,. 
suggested the next order of approximation. This formalism has the advan­
tage in that it conserves particle number. Furthermore, it provides à 
consistent method for developing a better approximated excitation operator. 
5^ 
other schemes for determining the quasi-particle excitation operator rely 
more on physical insight, which often provides for a considerable simpli­
fication of the formalism. .However, these schemes usually lack the con­
tinuity desired in any complete theoretical development. 
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IX. APPEHDIX A 
This appendix demonstrates that the fluctuation terms previously 
neglec"3d in evaluating the equation of motion are indeed small. The 
fluctuation terms arise because certain operators are replaced by their 
average values. Following Suhl and Werthamer (10), in their treatment of 
the electron gas, the contribution to the equation of motion from the 
fluctuation of the number operator is included by adding to b"*" a term pro-
P 
portional to S V(k)[])I . - a* , a . ]a\ just as the triple operator product p-is. p-K p-K p 
is added to a^  in forming Eq. 30. A solution of Eq. 21 for this operator 
is, to second order in the extended EPA, equivalent to finding a simul­
taneous solution for Eqs. 33, 34, and 
f ' ' ' °  -  V k V i ^ K l " ^  
With Eq. l^ T, the fluctuation term contained in Eq. 23 may be evaluated, 
from which its relative contribution to the equation of motion is deter­
mined. 
By expanding the commutator, Eq. 14? becomes 
r«.(p) -
Following Suhl and Werthamer (10), Eq. l48 is approximated by replacing 
number operators with their ground state expectation values in only the 
interaction part of the equation. Such a replacement essentially reduces 
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the demonstration of this appendix to a self-consistency argument. After 
making all replacements in Eq. l48, the result is 
r<»(p) - y = s 
+ . 'Him 
By operating from the left with S V(k), Eq. 1^ 9 can be put into the form of 
k' 
the fluctuation term which appears in Eq. 23. That is 
= .(x5o) 
q^ is. p 
The substitution of this result into Eq. 23 gives 
[H.ap] = [Tp + K(p)]a+ 
+ r'V(k){l - cV(p-k.<,)^ . V(k) - 4151) 
q,K p 
By comparing Eq. I5I with Eq. 103; which is the equation of motion con­
sidered in deducing the results of Bart 3 in Chapter III, it appears that 
if • 
TO rV(p-k-q) + V(k) - V(p-q)n , 
p' œ(p) - T 
over the interval specified by Ineqs. 104, then the fluctuation term is of 
negligible importance. Over this interval, the above inequality is approx­
imated by 
1 (152) 
6o 
Since NV(p) is on the order of the potential energy per particle, the 
••1 quantity ]W(p)[a)(p) - T^ ] is on the order of unity except for momenta 
very near the origin, and since is certainly infinitesmal for all 
momenta on the order of or greater than 6 and probably for all momenta 
other than zero, Ineq. 152 is satisfied everywhere except possibly very 
near the origin. In fact, by substituting Eq. 86 for into Ineq. I52, 
the inequality is shown to be satisfied to order for all p ^  0. Thus, 
the neglect of the fluctuation term appears to be justified for the many-
boson problem studied in this paper. A similar argument may be constructed 
"t* *1" for the fluctuation of the operator products a a . 
P -P 
6l 
X. APPENDIX B 
The extended RPA is an infinite sequence of approximations designed 
to yield the best linearized equation of motion for the operator that 
generates the elementary excitations of the system. The usual procedure 
is to terminate this sequence after a desired number of operations and 
then to neglect the remaining non-linear terms. The non-linear terms that 
remain after the second order of approximation in the many-boson problem 
are designated by Q in Eq. 107- In this appendix it will be shown that 
these tenus actually give no contribution to the equation of motion within 
the bounds of the approximations that have been used and, therefore, their 
neglect is completely justified. 
To calculate the contribution to the equation of motion from the 
triple term in Eq. 103, Eq. 3^  was evaluated in an approximate way. This 
result yielded singles, triples, and the uncontractable quintuples Q. 
 ^~ %-n%+n-k^ q+k^ q m,n JT -x 1 
 ^^m-n^ q+k+n^ p-k^ m^ q " ^m-n^ p-k^ q+k^ q-n^ m^  (153) 
where the bar over the sum indicates that no subscript of any a^  coincides 
with the subscript of any a in each term. That is, all possible number 
operators have been extracted from Q. These Q terms can be included in 
the equation of motion by evaluating Eq. 35 in conjunction with Eqs. 33 
and 3^ . The quintuple commutator in Eq. 35 yields, upon contraction, 
triple, quintuple, and uncontractable septuple terms. It is the triples 
extracted from the quintuple commutator that couple the Q terms to the 
triples in Eq. 103. It has already been argued that the triple product in 
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Eq. 103 contributes to the equation of motion only in the momentum inter­
val "bounded by Ineqs. 104 and, as a result, all other triple terms have 
been discarded. Therefore, in evaluating the contribution from Q, to the 
same order of approximation, only triple terms that contribute in this 
interval need be retained. Ho such terms exist. Since the Q commr;tator 
couples the quintuple terms to the triple terms and since all higher order 
commutators must couple with Eqs. 33 and 3^  through Q, all higher order 
terms may also be neglected. Thus, Eqs. 33 and 3^  represent a coz^ lete 
set of coupled equations for determining the excitation spectrum. Math­
ematically, the Q terms may be carried through the formalism, in which case 
Eq. 110 becomes 
Z'V(k)a- a- a - - E Vfe)0. 
q,k 9.+^  q k + KCp) cu(p) + + K(p) 
= - 2 K(k)7(k)Np_^ a  ^1 V(k)rH,Q] w 
k u)(p) + Tp + K(p) œ(p) u)(p) + Tp + K(p)  ^  ^' 
The second sum on the right hand side of Eq. 1$4 contains no triple terms 
in the momentum region specified by Ineqs. 104. Therefore, it has no 
effect on the linearization of Eq. 103 and may be discarded. 
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XI. APPEI3DIX C 
In this appendix a test of some of the approximations made earlier in 
the text is performed on He II. This is accomplished by taking advantage 
of the experimentally knotra excitation spectrum for liquid helium. To 
evaluate K(k), the Fourier transform of the potential is approximated by 
an equivalent hard sphere potential of radius a. This approximation while 
not completely satisfactory, is expected to be an adequate representation 
for V(p) at small momenta. 
K(k) = 2 V(p-k)Ij,  ^s ^  (155) 
where fl is the volume of the system 
a % 2.5 X 10"^  ^cm 
p =  ^% .15 gm/cm^  
/- -2k 
m % 6.7 X 10 gms 
These values yield 
K(k) 75°K 
T^  = 6 k^  °K 
where k is given in inverse angstroms A"^ . From Eqs. 86 and 8j, is 
1 T + K(p) 
The result for is given on Pig. 3; from which the effective width 
of the momentum distribution is estimated to be less than .1 A"^ . That is 
6 < .1 A"^ (156) 
Earlier in the text it was shown that a necessary and sufficient condition 
6k 
for « 1, for |k[ ^  6 was that 
^ « 1  f o r  | k |  ^  6 .  
Using the above calculated values for He II 
for all [jc( .1 A We therefore conclude that even for coupling as 
strong as in He II, the approximate result derived for 'n(p) in Part 2 of 
Chapter III is valid. 
In Appendix A it was shown that the neglect of fluctuation terms is 
permissible if 
By substituting Eq. 86 for into this inequality, it becomes 
i p 
From the substitution of values appropriate to He II, into this expression, 
it is evident that the inequality holds for all momenta different from 
zero. The conclusion is that, even for He II, the momentum distribution 
function is sufficiently local so that all approximations which depend on 
this locality are valid. 
Pig. 3» The momentum distribution function for He II 
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